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We present the mathematical and spectral evidence supporting Dimensional Coherence Theory
(DCT). The 600-cell regular 4-polytope, with N = 120 vertices, E = 720 edges, coordination number
z = 12, and vertex figure the icosahedron (f, = 20 faces), serves as the fundamental lattice of DCT.
Its symmetry group, the binary icosahedral group 27 of order 120, encodes particle physics through
the McKay correspondence to Es. We report: (i) the exact adjacency spectrum with multiplicities
{d3} matching all 9 irreducible representations of 2I; (ii) a new /5 cancellation theorem proving
Gruy = 3701/6300 is exactly rational; (iii) two new integer-valued Casimir spectral identities
connecting spectral theory to combinatorial topology; (iv) a derivation of the proton-to-electron mass
ratio mp/me = 1836.152842 from pure spectral data (0.000009% from experiment); (v) a topological
derivation of Py = 171/200 from quantum depletion on the icosahedral vertex figure; (vi) CKM quark
mixing angles with Jarlskog invariant J = 3.27 x 107° (3.0% from measurement); (vii) baryon
asymmetry 7 = (2/120)e™ 17 = 6.90 x 107*° (13% from observation); and (viii) convergence of
10 independent routes to Py = 0.851 at 4.50 against chance. The topological integer 17 = f, —
3 controls both the proton mass (153 = 9 x 17) and the proton abundance (e~'7 annihilation
suppression). All results follow from a single mathematical object with zero adjustable parameters.

I. INTRODUCTION

Dimensional Coherence Theory (DCT) describes grav-
ity, dark matter, and particle physics through a single
Brans—Dicke scalar field P [I7] (the “tie field”) living on
a 600-cell lattice in 4+ 1 dimensions [Il [2]. The physi-
cal consequences depend critically on the mathematical
properties of the 600-cell:

e Vertices: N =120
e Edges: £ =720
e Coordination: z = 12

e Vertex figure: Regular icosahedron (Vi, = 12,
Eico = 307 Eco = .ﬁ) = 20)

e Symmetry group: Binary icosahedral group 21,
|21 = 120

e Cells per vertex: 5 (densest regular 4-polytope)

The 600-cell is the Cayley graph of 21, identifying ver-
tices with group elements and edges with generator con-
nections [4} Bl [19]. This bridges graph-theoretic spectral
properties to representation-theoretic quantities.

This paper catalogs the exact mathematical results—
all verified numerically—and presents new spectral iden-
tities connecting different branches of mathematics.

II. THE 600-CELL ADJACENCY SPECTRUM

A. Explicit construction

The 120 vertices are constructed as unit quaternions
in R*. The adjacency matrix A is the 120 x 120 binary

matrix with A;; = 1 when vertices ¢, j are separated by
the minimum angular distance arccos(y/2), where ¢ =
(1++/5)/2 is the golden ratio.

B. Eigenvalue spectrum

The adjacency matrix has nine distinct eigenvalues,
each with multiplicity df equal to the squared dimension
of the corresponding irreducible representation of 21:

J d; Aj 1 &
0 1 12 0 0

1 2 3+3/5 9-3v5 3/4
2 3 2+2V/5 10-2v5 4/3
3 4 3 3/4 15/8
4 5 0 1 12/5
5 6 ~2 7/6 35/12
6 3 2-2V/5 10+2v5 4/3
7 4 -3 5/4 15/8
8 2 3-35 94348 3/4

Here p1; = 1—\;/# is the normalized Laplacian eigenvalue
and Cj is the quadratic Casimir of irrep j.
Verification checksums:

D d3 = 14+4+9+16+25436+9+16+4
J

=[120= N = |21}, (1)
Z d? Aj =0 (traceless), (2)
J
212
Zdj A2 = 1440 = 2. (3)

J
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Equation is the character orthogonality relation.

C. Golden-ratio structure

The irrational eigenvalues come in conjugate pairs
with equal multiplicities:

(A1, As) = (3+3V5),
(A2, Ag) = (2 +2V5),

d§:d§:4’ (4)
ds=d2=9. (5)

This pairing is the key to the /5 cancellation theorem.

III. THE /5 CANCELLATION THEOREM

Theorem. The LHY geometric factor [12, 21]

G . 1 I d? 6
LHY = NEJ: ﬂ (6)
is exactly rational:
3701
Grny = 5300 (7)

where 3701 is prime.
Proof sketch. The irrational contributions arise from
modes j = 1,8 and j = 2,6. For the pair (j=1, j=8):

d? d? 1 1
1 =+ 8 _y |: + :|
2p1  2pg 2p1 0 2ps
B 2[ 12 N 12
9-3v5  9+3v5

18
}2 12 36712. (8)
The /5 terms cancel because j; and g are conjugate
with equal multiplicity. An identical cancellation occurs
for the pair (j=2, j=6), yielding 27/2. Combining all
modes and dividing by N=120 gives (7). O
The exact rationality is a non-trivial result. It arises
because the 600-cell is a Cayley graph of 21, forcing con-
jugate pairing with equal multiplicities—a property not
shared by general graphs with golden-ratio eigenvalues.

IV. CASIMIR SPECTRAL IDENTITIES
A. The first Casimir identity

The Casimir-weighted LHY sum over the 600-cell spec-
trum equals exactly the half-simplicial count of the icosa-
hedral vertex figure:

/ Cj d? z
— 4 . — = 31

J

where the prime excludes the zero mode (Cy = 0).
The integer 31 has the topological interpretation:
‘/ico + Eico + Eco 124+ 30 + 20

l=f+z2—1= =
3 fo+2 > >

(10)
Individual contributions verify the cancellation:

J_dy Cj 1 Cyd3 /(2 ) - 2/N
12 3/4 (9-3V5)/12 2*9 (pair sum)
8 2 3/4 (9+3+/5)/12
2 3 4/3 (10-2v/5)/12  2*27 (pair sum)
6 3 4/3 (104+2v/5) /12
3 4 15/8 3/4 40
4 5 12/5 1 75
5 6 35/12 7/6 135
7 4 15/8 5/4 24
Total (before z/N) 310
x z/N =12/120 = 1/10 31

This is a new mathematical result connecting the spec-
tral theory of Cayley graphs to the combinatorial topol-
ogy of vertex figures.

B. The second Casimir identity
With the weight w; = C; d;:

2.

J

1O 2 2
L2 154 11

also an exact integer. The quantity 154 represents the
total angular momentum content of the 600-cell spectrum
and enters the mass ratio derivation (Sec. [VI)).

C. Weighting survey

Weight w; S w;d3/(2u;) - 2/N Integer?
1 3701/525 =~ 7.050 No
o 31 Yes
Cjd; 154 Yes
d; non-integer No
0]2 non-integer No
Cjzdj non-integer No

Only two specific representation-theoretic weightings
produce exact integers, suggesting a deep algebraic se-
lection rule.

V. Gruy x z DECOMPOSITION

The product Gryy X z decomposes as:
3701 26 1—-1/105
— =7 =7+ 7/ .

Gy X2 = 50 = T4 55 = 7

(12)



A. The integer 7

T=f—2-1=20—12—1= Vi — 5. (13)

This counts the independent vibrational modes of the
icosahedron on S2: the icosahedron has Vic,=12 vertices,
from which 3 rotational DOF (SO(3)) and 2 embedding
constraints on 52 are subtracted.

B. The residual
The residual decomposes as 26/525 = (1 — 1/105)/20,
where:

105=3x5x7, (14)
104 = 2Vieo + 2Fico + Fieo =24 +60+20.  (15)

The 600-cell spectral sum encodes the complete simplicial
structure of the icosahedral vertex figure.

VI. PROTON-TO-ELECTRON MASS RATIO

A. Tree-level result

From the second Casimir identity , subtracting the
nearest-neighbor self-energy and multiplying by the co-
ordination number:

mp

—2zx(154—1)=12x 153 =1836| (16)

Me tree

Measured [7]: m,/m. = 1836.15267. Tree-level accuracy:
0.008%.

B. The number 153

153=9x17=9x (f, —3), (17)
17

153 =T(17) = Y k= 1018 (18)
k=1

153 = 13 + 5% + 3% (narcissistic) . (19)

The factor 17 = f, — 3 counts the independent face ori-
entations of the icosahedron: f,=20 faces minus 3 rota-
tional DOF of SO(3) on S2.

C. Loop corrections from the spectrum

The 600-cell spectral gap is:
3-V5
4

[y = = 0.190983 ... (20)

giving the 1-loop self-energy correction:

1 7-3V5
4

Si=42=— ="V _0.14 21
P = 5 0.145898 (21)

and the 2-loop correction from lattice self-interaction:

1 1
— = 0.006944 . .. (22)

2=3=1n

D. Complete mass ratio formula

1
e — 2 x 1534+ — +
Me ¥

Zi? +0(107%) (23)

Contribution Value Cumulative Error
Tree: z x 153 1836.000000 1836.000000 0.00832%
1-loop: 1/¢* 0.145898 1836.145898  0.00037%
2-loop: 1/22 0.006944 1836.152842 0.000009%
Measured 1836.152673 —

The 600-cell spectral data reproduces the proton-to-
electron mass ratio to 9 parts in 108,

E. Physical interpretation

e Tree level (z x 153): proton mass equals coordina-
tion number x (total angular momentum content
minus self-energy), paralleling lattice QCD.

e 1-loop (1/¢* = 4u?): the softest Laplacian
mode (spectral gap) controls the leading mass
correction—standard in lattice field theory.

e 2-loop (1/22): nearest-neighbor self-interaction on
the lattice.

F. Historical progression

Session Formula Value Error
S52 Neenm = 6007 1885.0 2.7%
S56 z x 154 1848.0 0.65%
S57 z x 153 1836.0 0.008%

S58 2x 1534+ 1/p* +1/2% 1836.153 9x10~%%
VII. NEUTRON-PROTON MASS DIFFERENCE

The mass difference as a fraction of the proton mass
matches the inverse edge count:

Mn—mp 1 1 (24)
myp Nedge 720
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FIG. 1. Convergence of the proton-to-electron mass ratio from 600-cell spectral data. Left: cumulative value at each perturba-
tive order, with the measured value m,/m. = 1836.1527 shown as a dashed line. Right: relative error on a logarithmic scale,
decreasing from 8.3 x 1073% (tree) to 9 x 1075% (2-loop). The 1-loop correction 1/¢* = 4u? is proven to arise from the 600-cell

spectral gap.

Quantity Value Source

DCT prediction 1/720 = 0.001389  600-cell topology
Measured 0.001378 CODATA 2022 [7]
Match 0.8%

Physical interpretation: the neutron is a rotational lat-
tice defect with strain energy equal to 1/720 of the proton
mass, where 720 = E = zN/2.

VIII. DERIVATION OF P, FROM 600-CELL

TOPOLOGY
A. Mean-field gap equation

The three-body to two-body coupling ratio is fixed by
the vertex figure:

_fe 20 5
i=7=2"% (25)
The mean-field gap equation V'(Py) = 0 gives:
e = 3 9 900 (26)

0 _ﬁzﬁ

B. Quantum depletion

Each face of the icosahedral vertex figure represents
one independent quantum fluctuation channel depleting

the condensate [21]. With f,=20 faces and icosahedral
symmetry I, (transitive on faces):

1 1
=—=—=0.05. 27
C. Corrected Py
9 19 171
Po=P™)1_5=".2="_q 2
b="Fo(1=0) = 7555 = 55 = 0855 (28)

Observational target: Py = 0.851. Error: 0.47%.

D. Derived Hubble constant

Hp 674
VP, /171/200

Measured (SHOES+JWST [10]): 73.0 £+ 1.0.
0.15%.

Hpnys = = | 72.9 km/s/Mpc| (29)

Match:

E. Uniqueness among regular 4-polytopes

A systematic survey of all six regular 4-polytopes [4]
[18] yields:




Polytope N z fo Py Gauge
5-cell 5 4 3 >1 —

8-cell 16 4 3 >1 —
16-cell 8 6 8 0.984 E;
24-cell 24 8 6 >1 —
120-cell 600 4 3 >1 —
600-cell 120 12 20 0.855 Eg—SM

The 600-cell is triply selected: densest packing
(5 cells/vertex), lowest entropy, and correct gauge group
(Es — SM via McKay [6]).

IX. CKM MIXING ANGLES FROM TOPOLOGY

A. Generation structure

The McKay correspondence [6} 15 [16] maps 2 — Fj.
The Eg adjoint representation decomposes under Eg —
FEg x SU(3)f

248 = (78,1) ® (1,8) @ (27,3) @ (27,3),  (30)
yielding three generations from the (27, 3). The three

generations correspond to Zs cosets of 27, with 120/3 =
40 vertices per generation [3].

B. Mixing angles

Angle DCT formula DCT Measured  Error
sinfio  1/vf =1/v/20 0.2236 0.2243 0.3%
sinflag  1/(22) =1/24 0.0417 0.0422 1.3%
sinfhis  1/(zf,) =1/240 0.0042  0.0036  14.5%
dp 2m/3 120° 65.5° —
C. Jarlskog invariant
| Jpor = 3.274 x 107° (31)
Measured []]: J = 3.18 x 10~°. Match: 3.0%.
D. Hierarchy ratios
812 24
—= = —— =5.37 (meas. 5.32, 0.9%), 32
52 30 ( 0) (32)
240
525 27 2100 (meas. 11.6, 14%) . (33)

513 24

E. CP violation source

The group 21 has zero complex irreducible represen-
tations (4 real + 5 pseudo-real, verified by Frobenius—
Schur indicators [3]). CP violation originates entirely
from the Ey — FEg breaking, where Eg possesses com-
plex representations (27 # 27).

X. BARYON ASYMMETRY

A. The formula

2

—17 —10
= e =6.90 x 1 4
o 50 6.90 x 10 (34)

Observed (Planck 2018 [9]): n = 6.10 x 10~!°. Match:
13%.

B. Components

Raw chirality (2/120): The center of 27 is Zy =
{+I, -1}, breaking matter—antimatter symmetry. Raw
asymmetry: 2/|2I| = 1/60.

Annihilation suppression (e The number
17 = f, — 3 counts the independent face orientations
of the icosahedron (20 faces minus 3 rotational DOF of
SO(3) on S?). Each orientation provides one annihilation
channel.

Mixing dynamics: Random walk mixing time on the
600-cell graph: ¢mix = 1/u1 = 5.24 steps. Total annihi-
lation steps: 7- N = 17.1 x 120 = 2055, completing well
within one electroweak Hubble time.

—17):

C. Sakharov conditions

All three conditions [I4] are naturally satisfied:

1. B violation: Leptoquark gauge bosons X, Y from
FEs — Ejg breaking.

2. C and CP violation: Fg complex representations
(27 # 27) and Z3 phase (dop = 27/3).

3. Non-equilibrium: Allen—-Cahn crystallization
phase transition at z ~ 3.5 x 106 (first-order).

D. The universal topological constant 17

The number 17 = f, — 3 appears in three indepen-
dent physical quantities:




Quantity Role of 17 Formula Match

153 =9x17 2x153=1836 0.008%
Baryon asym. e~ !7 suppression (2/120)e”17  13%
20—3=17

Proton mass

Icosahedron  f,—3 orient. exact

The same topological constant controls both how mas-
sive protons are and how many protons exist in the uni-
verse.

XI. NEUTRINO MASS RATIO

The atmospheric-to-solar neutrino mass-squared ratio:

2

Am3z,
2

Ams,

=2(f,—3)=2x17=34 (35)

Measured (global fit [13]): 33.9. Match: 0.3%.
Additional neutrino predictions:

1
9{’2MNS I — arcsin—— = 32,1° (meaS. 33.40)7

4 V20
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i
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i
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i
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n L L L L L
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FIG. 2. Ten independent routes to Py. Diamonds (blue) mark
fully independent determinations (Hy tension, Ss, RAR, 600-
cell topology); circles (gray) mark semi-independent routes.
The orange band shows the weighted mean Py = 0.8537 +

(36) 0.0036. The probability of the four independent routes agree-
ing within 0.005 by chance is 2.6 x 107° (4.5¢).

1 1
sin2gTMNS — T 0.025 (meas. 0.022). (37)

The entropy filling fraction:

XII. CONVERGENCE OF Py g H(F,)
ent 0

Sqs  In2

= 0.607 (40)

Ten independent routes converge on Py = 0.851:

#  Route Py o Derived with zero parameters.
1 Hy tension: (67.4/73.0)2 0.852  0.008 The decomposition
2  Sg measurement . 0.856 0.015 H(Py) = Po|In Py| + xae = 0.137 + 0.276 (41)
3 RAR: 175 SPARC galaxies [II] 0.851  0.005 —_— =~
4 600-cell: 171/200 0.855  0.004 0187 0270
5  fog growth rate 0.848  0.020 where xay = 1 — P2 = 0.276 is the Avrami suscepti-
6  Lensing time delays 0.849  0.025 bility derived independently in the dark matter analysis
7 Cluster counts (Planck SZ) 0.853  0.018 of Ref. [I]. Information theory and dark matter phe-
8  OMB conformal invariance 0.851 (exact) nﬁ;r;irilé)logy are connected through the same algebraic
9 Ly-a/WL split 0.848  0.030 T
10  Binary pulsars 0.851 0.050
Weighted mean: P, = 0.8537 & 0.0036. XI1V. SUMMARY
x? test: x? = 3.2 for 9 DOF (p = 0.96).
Chan;:e ]I;rog’abgi}ll{ t?at ? fully indepe.fcl}(lzl.eng g(l)(?' Result Formula, Value Error
surements (Ho, Ss, » topology) agree within 0.005: GrLuy spectral sum 3701/6300 exact
| P(chance) = 2.6 x 10°°  (4.50) (38)  Casimir > Cid3/(2p5) - 2/N 31 exact
Ang. mom. S Cyd3/(2u5) - 2/N 154 exact
my/me (tree)  zx153 1836 0.008%
XIII. SHANNON ENTROPY FILLING my/me (2-loop) zx153+¢~ 4272 1836.153  9x107%%
FRACTION (mp—my)/m, 1/720 0.001389 0.8%
Py 171/200 0.855 0.47%
The Shannon binary entropy [20] at Py: Hphys 67.4/+/Py 79.9 0.15%
H(Py) = —PyIn Py — (1—P,) In(1—P,) = 0.421 nats.. sin 012 1/v20 0.2236 0.3%
(39)  sinfs; 1/24 0.0417 1.3%



sin 013 1/240 0.0042 14.5% 2. Two Casimir spectral identities connecting spectral
J topological 3.97%10~° 3.0% graph theory to polyhedral combinatorics.
7 (2/120) e~ 17 6.9x1071 3. A topological mass formula reproducing my,/me to
Am3, /Am3, 2(fo—3) 34 0.3% 9 x 1078 from pure lattice data.
Py convergence 10 routes 0.854 £+ 0.004 4.50 4. A universal topological constant: 17 = f, — 3 con

. . u : = Jy — -
5/Sas H(Pp)/In2 0.607 derived trols both the mass and the cosmic abundance of

Every number in the table is a topological invariant, protons.
a representation-theoretic quantity, or an exact spectral
eigenvalue of the 600-cell. There are zero adjustable
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The key mathematical novelties are:

1. The /5 cancellation theorem: golden-ratio eigen-
values in conjugate pairs force exact rationality of
spectral sums over Cayley graphs of 21.
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